Abstract. We prove that there are infinitely many six sided polyhedra in R 3 , each with four congruent trapezoidal faces and two congruent rectangular faces, so that the faces have integer sides and diagonals, and also the solid has integer length diagonals. The solutions are obtained from the integer points on a particular quartic surface.
Proposition 1. The simultaneous positive integer solutions to a 2 + b 2 = c 2 , d 2 = e 2 + ab, f 2 = d 2 + ab give the edge and diagonal lengths of a perfect hexahedron with two rectangular congruent opposite parallel faces, and four congruent trapezoidal faces.
Peterson and Jordan asked if there are infinitely many such perfect hexahedra. They also gave several examples, including the small example a = 8, b = 15, c = 17, e = 7, d = 13, f = 17 and asked if it is the smallest. We provide a measure of size of solutions, and answer both of these questions affirmatively.
We can rewrite this set of equations. Basically, d 2 − e 2 = f 2 − d 2 = ab, so that we have three integer squares in arithmetic progression. This is the same as e 2 + f 2 = 2d 2 and ab = f 2 − d 2 . Now then we have two norm equations a 2 + b 2 = c 2 , e 2 + f 2 = 2d 2 over Z [i] .
It is well known that the relatively prime or primitive solutions to the Pythagorean equation, x 2 + y 2 = z 2 are given by x = m 2 − n 2 , y = 2mn, z = m 2 + n 2 for (relatively prime) integers m, n. All integer solutions are scalar (integer) multiples of the primitve solutions. To obtain solutions to x 2 +y 2 = 2z 2 , we can use solutions obtained from the solutions to the Pythagorean equation. Namely, corresponding to a solution form the complex number, x + iy, |x + iy| 2 = x 2 + y 2 , and |(x + iy)(1 + i)| 2 = 2(x 2 + y 2 ); thus a solution to the Pythagorean equation, yields after multiplication by 1 + i a solution to the second equation. Also a solution to x 2 + y 2 = 2z 2 , gives the complex number, x + iy, so that |(x + iy)
2 ; thus the complex number (x + iy)
2 , provides the solution to the Pythagorean equation. This gives a bijection of the sets of solutions of these two equations. (Using this together with sign changes or interchanging of variables, accounts for all solutions.)
For the perfect hexahedron then, we parameterize the integer solutions to the equation a 2 + b 2 = c 2 as a = λ(r 2 − s 2 ), b = λ(2rs). For the solutions to e 2 + f 2 = 2d 2 we parameterize with p, q, e
The condition for a perfect hexahedron is that ab = f 2 −e 2 2 . Proposition 2. Using these parameterizations, a perfect hexahedron is obtained from any integer solution to 2(p 2 − q 2 )pqµ 2 = (r 2 − s 2 )rsλ 2 with r = ±s, p = ±q, µ, λ, r, s, p, q = 0 and conversely.
Proof: As we have seen the perfect hexahedron gives rise to the equation ab = f 2 −e 2 2 , which by our parameterization is a multiple of the equation 2(p 2 − q 2 )pqµ 2 = (r 2 − s 2 )rsλ 2 . Conversely, given any non-trivial integer solution to this equation, we can form
, which give non-zero integer solutions to the perfect hexahedron.
First we shall determine the smallest solution. We measure the size of a solution by the number ab 2 , which is the same as |(r 2 − s 2 )rsλ 2 |. Lemma 1. The size of any solution of the hexahedra equations is divisible by 60.
Proof: Consider the equation a 2 + b 2 = c 2 . Modulo 3 the squares are 0 or 1 so it is impossible that both a 2 and b 2 are both 1 mod 3. Thus ab is divisible by 3.
Consider this same equation mod 5. Modulo 5 the squares are 0, 1 or 4. Therefore, the only solutions mod 5 are 0 + 0 = 0 or 1 + 4 = 0; in either case, abc is divisible by 5. Suppose if posssible that ab is not divisible by 5.
Using the parameterization described above, then 5 divides c = λ(r 2 + s 2 ), but not any of λ, r, s, r − s, r + s. Also,
− q 2 )pqµ 2 = (r 2 − s 2 )rsλ 2 = 24λ 2 mod 5; this is impossible. Therefore ab is divisible by 5.
Finally, the size is |2pq(p 2 − q 2 )µ 2 | which is certainly even, but also if p, q are both odd, p 2 − q 2 is even; so the size is always divisible by 4. For the second smallest solution we solve pq(p 2 − q 2 )λ 2 = 60 as above to find p = 4, q = 1, λ = 1. However, to solve rs(r 2 − s 2 )µ 2 = 120. If µ = 1 we arrange so that r + s > r > s > r − s > 0 or r + s > r > r − s > s > 0, and easily find that r = 5, s = 1 is the only solution. If µ = 2 then as in the previous case, we find r = 3, s = 2. These parameters give the solution stated.
Next we describe a method to produce an infinite number of different integer solutions of perfect hexahedra. We consider the 'primitve' equation, where
and look for a curve lying on the surface, expressed in terms of the parameters of α, β; for example, in the (p, r) directions, this would mean, 2(α 2 − q 2 )αq = (β 2 − s 2 )βs.
Here is one way to do that. Suppose that (p 0 , q 0 , r 0 , s 0 ) is a rational solution; then (q, q 0 , s, s 0 ) for any (q, s) ∈ {(±q 0 , 0), (0, 0), (0, ±s 0 ), (±q 0 , ±s 0 )} is also a solution. Given any two rational solutions in this set of nine, express the line passing through them as an equation in terms of x, y. The solutions for (x, y) meeting the surface, gives new solutions, (x, q 0 , y, s 0 ). Of these 9 known points, lines may pass through three of these points, and then meet the surface again at its points at infinity. However, several lines meet these 9 at only two points; these give rise to new rational solutions. a 2 , h). We find that the height h satisfies a 2 + b 2 + 2h 2 = 2d 2 = e 2 + f 2 . From this we see that, h 2 = 2(2n 4 − 1)(−1 + 8n 4 )(32n 4 − 1)(64n 8 + 8n 4 + 1); thus the height is non-zero. Summarizing this we have the following.
Theorem 2. There are infinitely many solutions to a 2 + b 2 = c 2 , d 2 = e 2 + ab, f 2 = d 2 +ab. Thus, there are infintely many non-trivial dissimilar perfect hexahedra with two rectangular congruent opposite parallel faces, and four congruent trapezoidal faces. 
